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The motion of electrons in a weakly ionized plasma under the influence of an electric field is
simulated by a Monte Carlo method. Elastic and inelastic electron-atom collisions are taken into
account using the experimental cross sections. In an application to a low pressure argon positive
column the temporal and spatial relaxation of the electron energy distribution is calculated for
high electric fields (30 < E/py < 305 V/cm Torr). The influence of the wall recombination and

the anisotropy due to the high field can be shown.

1. Introduction

The motion of electrons in a weakly ionized
plasma under the influence of an electric field E
can be described by the electron distribution func-
tion f(7,v,t). The usual method to determine f is
an analytical or numerical solution of the Boltzmann
equation. However, these solutions are limited by a
set of approximations, which restrict their appli-
cability. The common basic assumptions are:

— homogeneity (Sf/3r=0),
— slationarity (3f/3t=0),

— weak anisotropy, which allows the expansion
f(©) =f°(v) + [ (v) cos D . (1)

Here, ? is the angle between the velocity v and the
direction opposite to the electric field, and f°(v)
and f!(v) are the first two coefficients of a spherical-
harmonics expansion. The applicability*of Eq. (1)
can be formulated by

') [f(v)[ <1. (2)

In the following, we use the corresponding ratio
A= [t (v)d3/[ f*(v)d® =3 (cos D) (3)
0 0

as a measure for the anisotropy.

Time-dependent solutions are either based on the
approximation of weak anisotropy (see e.g. Pol-
man!) or are limited to a constant collision fre-
quency (Baraff and Buchsbaum?). Furthermore,
these authors assume an isotropic differential cross
section for the collisions between the electrons and
the neutrals.

* Reprint requests to Prof. Dr. K. G. Miiller, Universitat
Essen — Gesamthochschule, D-4300 Essen, Unionstr. 2.

By a Monte Carlo method, the electron distribu-
tion function can be calculated without these ap-
proximations. Here, the random walk of test elec-
trons in an external electric field is simulated. Monte
Carlo methods have been applied by Englert 3, Sakai,
Tagashira and Sakamoto ¢, Thomas and Thomas >
and Makabe, Goto and Mori® to calculate energy
distribution functions and transport coefficients of
electrons in noble gases. The transport coefficients
show fair agreement with the numerous experimental
data. Due to the lack of experimental data the cal-
culated energy distributions could not be checked
satisfactorily. Recently, Lergon and Miiller 7 have
investigated the spatial relaxation of the electron
energy in field direction. They measured a set of
space-dependent distribution functions in a low
pressure argon discharge at high electric fields.

In this paper we apply the Monte Carlo method to
this relaxation experiment. Furthermore, we use a
Monte Carlo simulation to investigate the transition
from a weak to a high anisotropy with increasing
field strength. Thus, the region of the validity of the
approximation (1) can be shown. We generate the
corresponding energy distributions by a time-depen-
dent relaxation.

We pursue this program in the following way. In
Section 2 we develop a model for the motion of elec-
trons, which can be simulated by the method describ-
ed in Section 3. In Section 4 we apply the Monte
Carlo method to relaxation phenomena in argon
discharges.

2. Model

We study the motion of single test electrons in a
neutral gas under the influence of an electric field.
The field is assumed to be parallel to the z-direction
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and constant between two succeeding collisions of an
electron. To investigate inhomogeneous, nonstation-
ary and anisotropic situations, the motion of an
electron is described by the speed v and the angle 7
as a function of the space coordinate z and the
time ¢.

For the electrons we take into account elastic col-
lisions with the neutrals and inelastic collisions
yielding excitation and ionization. A low degree of
ionization is assumed, so that Coulomb collisions
and volume recombination can be neglected *.

For the collisions the neutrals are assumed to be
at rest, which yields a total collision frequency

v=Ngquv (4)

with
q=k2q/.=%f0kd29, (5)

g: total collision cross section,

qr: total cross section for collisions of the type k,

oy: differential cross section for collisions of the
type k,

N: density of the neutral gas.

The following energy losses for a test electron are

used: for an elastic collision:

Ae= (2m/M) (1 —cos %) (6)

for an excitation of an atom from the ground level
to the level m:

Ade= €m (7)

for an ionization of an atom:

Ade=¢ + (e—&)/2 (8)
m, M: mass of electron, atom,
T3 scattering angle,
Epils excitation energy,
& ionization energy,
&: electron energy before the collision.

Equation (8) means, that the total kinetic energy
after an ionizing collision is shared equally by the
primary and secondary electron **.

* The degree of ionization (n/N) must be small compared
with a critical degree of ionization (n/N)crit, which can
be calculated by equating the electron-electron collision
frequency

4y2a (e \(kT)
3 n(4n£0kT)(m In 4

Vee—=—5
(see Shkarofsky &) with the corresponding frequency for
energy transport, which in our case is given by the fre-

quency for inelastic collisions.
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With respect to particle loss we distinguish two
cases. In the t-dependent case (case A) we neglect
particle losses and study temporal relaxation pro-
cesses. In the z-dependent case (case B) we take into
account particle losses at the wall and study spatial
relaxation processes.

To apply case B to the positive column, we intro-
duce the following usual assumptions for the motion
of electrons in the positive column: '

— The influence of the radial electric field on the
energy distribution is negligible.

— The axial electric field is constant along the
radius.

The interaction of the electrons with the wall is

taken into account by the following model. Adjacent

to the wall a sheath exists with a potential barrier

@y , which reflects electrons with

%msz_<e|<15wl (9)
and annihilates electrons with
(10)

by recombination. Here, ¢ is the elementary charge
an v is the velocity perpendicular to the wall. The
electron density n is assumed to be radially constant.
The potential barrier @y as a function of z can be
calculated by the requirement, that in a quasineutral
positive column the z-component j. of the electric
current density is independent of z:

9j./3z=0.
Neglecting the contribution of the ions, we find:

(12)

%mvige§¢\\v]

- (1)

j==en(v)
where (v)) is the mean electron velocity parallel to
the field. A mean velocity, which fulfils Eq. (12),
can be guaranteed by a z-dependent wall loss, which
is regulated by the potential barrier @yy .

3. Simulation Method

3.1. Random walk of a test electron

Since in our model Coulomb interactions are
neglected, each electron performs an independent
random walk under the influence of an electric field.

#** Measurements of the energy distribution of the second-
ary electrons show a peak at the energy of approximately
4 eV independently of the collision energy in the range
of 25—300eV >, As in our calculations the energy &
is about 25 eV, our assumption with respect to the energy
of the secondary and the scattered primary electrons is
justified.
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To construct an electron distribution f(7,v,¢), we
simulate the random walk of a sample of test elec-
trons by a Monte Carlo method. According to our
model, each collision of a test electron is determined
by four random variables,

— the time of free flight 7,

— the index £, defining the type of collision,
— the polar scattering angle £,

— the azimuthal scattering angle 1.

For each random variable, a probability distribu-
tion can be derived. With help of these distributions
the variables 7, k, 7, v are generated by correspond-
ing random numbers R*, R*, R;”, R;”. Since the
random numbers usually are uniformly distributed
between 0 and 1, they have to be transformed to the
actual distribution.

Between two succeeding collisions the dynamical

state of a test electron changes from (v,, ¥, z,) to
(v, P, z) with

vsin ¥ =v,sindy, (13)
vcos ¥ =v,cos Py + (e E/m)7, (14)
z=2zy+vgcos Pyt + (e E[2 m)72. (15)

For the time of free flight the probability distribu-
tion
g(1) =v()exp(—[»(z")d7) (16)

holds, so that 7 and its corresponding random num-
ber R* are connected by

R =exp(—[»d?). (17)
An inversion of Eq. (17) leads to 7(R*) (see Ap-
pendix).

The type k of collision is determined by the ran-
dom number R” with help of

k-1 13
,_Zoqi/q<R"' é,_zoqf/q-

Similarly the random numbers R* and R" define
the scattering angles 7 and v by

(18)

7 2x
Rkl=6"d15inx!dwok(£,Z9W)/q1cs (19)

R;¥ =fd1p6f dy sin y o5 (& 7, v) [qs - (20)

By this operation, the dynamical state of the test
electron after the next collision can be calculated.
By an iteration of this procedure, a random walk of
the test electron can be simulated.
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3.2. Electron distribution function

An individual electron [, starting at the time ¢,
and the position 7, performs a random walk
(r;(t),v;(¢)) in the electric field. For this random
walk we can construct a contribution to the energy
distribution by averaging
— in the z-dependent case A over the position 7(t)

yielding

1 ’ m B
F(e’t)=L—5;1; e—0[2< ?vl(t)2§£.6/2
(21)

and

— in the z-dependent case B over all times at which
a test electron is located at the position z yielding

1 1 /& 1
F(E’ Z) = —6—% vll,l 151 vy 5
) m 0
s—?<?vl2(z)§e+§—. (22)

By the factor 1/v); the contribution of the I-th test
electron to the distribution function is weighted with
the stay time in the interval (z,z+dz). L is the
number of test electrons and 0 is the sampling energy
interval. To achieve a sufficient accuracy, we choose
in our application L>1000 and 0 221 €V.

As the simulation is based on the same assump-
tions underlying the Boltzmann equation applied to
our model, in the limit L — oo, 0 — O the distribu-
tion functions (21 and 22) are solutions of the cor-
responding Boltzmann equation.

4. Application

In the following we apply our model to the motion
of electrons in an argon gas under the influence of
an electric field.

4.1. Elementary processes

In our model we distinguish elastic collisions and
the inelastic collisions excitation and ionization with
the cross sections ¢, ¢, and g; and the correspond-
ing energy losses (6), (7) and (8). According to
Eq. (5) we split up the total cross section ¢ into its
components:

q=qe1+4qi+q:- (23)

Figure 1 shows the experimental cross sections used
in our calculations. On the basis of experimental and
theoretical data the differential cross section for
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Fig. 1. Cross sections for argon versus electron energy.

gel: elastic scattering cross section according to Massey

and Burhop !'; g¢: excitation cross section according to

Schaper and Scheibner 12, In the region ¢>¢j, the approxi-

mation used by Sakai and co-workers ¢ is used; gj: ioniza-

tion cross section according to Rapp and Englander-Gol-
den 13,

elastic collisions (see Fig. 2) is approximated by

é—%:ﬂ[OﬁS(l—cosx)]ﬂ‘] for cosy = —1/3
|‘]
BI1.5(1 +cos ) ]#71 < -1/3
. (24)
with
A=1/ + (¢/10eV))2. (25)

100 T T T

Get [10.46cm 7]

Fig. 2. Elastic differential scattering cross section oel (¢, )

for argon versus scattering angle 7. ----: Ramsauer and

Kollath '* (exp.) ; : Hoeper, Franzen and Gupta 1%

(theor.) ; : analytical approximation according to
Equation (24).

The Electron Energy Relaxation in a Plasma

The inelastic collisions are assumed isotropic, since
measurements of the angular distributions of the
inelastically scattered electrons at low energies
(20—-30eV) show only a small anisotropy in for-
ward direction 16,

4.2. Time-dependent Simulation (Case A)

By a Monte Carlo method we study a sample of
several thousand test electrons starting with an initial
mean energy (&)=2>5.3eV in the electric field
(30 V/em Torr < E/py < 305 V/em Torr) ; the ini-
tial mean energy corresponds to a reduced electric
field of approximately 3 V/em Torr in the relaxated
case. A similar calculation for helium has been per-
formed by Englert. In agreement with his results,
we find for argon two stages for the relaxation pro-
cess, which can be interpreted as follows. In the first
stage the electrons are heated up; the mean energy
is raised close to its final value; elastic collisions
dominate and energy losses can be neglected. In the
second stage the energy distribution approaches its
final time-independent form due to several inelastic
collisions. Since the ionization is not compensated by
loss processes, the electron density increases in time.
The relaxation times iy, defined by the duration of
the first stage of the relaxation process, are of the
order

. Vs [ E

> E . T e —
tppe>=2-10 em! py

(26)

Figure 3 shows the relaxated energy distributions as
a function of the reduced electric field. The distribu-
tion for £/p, =100 V/cm Torr is practically identical
with that one calculated by Golant!” for E/p,=
104 V/em Torr by means of the approximation (1).

The Monte Carlo method provides the possibility
to calculate the anisotropy 4 of Eq. (3) (see Fig. 4,

F(g)
012 -
£/p= 30 V-cmi-Torr?
osH A\
0,04
0
0 10 20 30 40
€ [ev]

Fig. 3. Calculated electron energy distribution F(c) for
different values of E/p, .
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lower half) and thus to check the assumption of
small anisotropy. In Fig. 4, upper half, the calculat-
ed mean energy is shown and compared with Go-
lant’s solution. For E/p, more than 100 V/cm Torr
the mean energy of this work increases more than
that one of Golant due to the increasing influence of
the anisotropy. To demonstrate the influence of the
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recombination we have presented in Fig. 4 the value
for E/py, =305 V/cm Torr calculated for the case B
(Section 4.3).

In Fig. 5, upper half, the calculated drift velocity
vp is compared with the theoretical values of Golant
and the experimental ones of Jiger and Otto '8. The
difference between the two theoretical curves is due
to the different models with respect to anisotropy,
but there still remains a disagreement between
theoretical and experimental values, which partially
can be explained by the effect of recombination
upon the drift velocity. Due to recombination, for
E/py=305 V/cm Torr the drift velocity of case B is
reduced by 16% compared with that one of case A.
The calculated Townsend coefficient, a/p,, plotted
in Fig. 5, lower half, shows good agreement with the
experimental values of Kruithof and Penning'®.
Our calculations give a critial degree of ionization
between (n/N)uit=3% for E/py=305V/cm Torr
and (n/N) it = 0.02% for E/py =30 V/cm Torr.

4.3. Space-dependent Simulation (Case B)

The Monte Carlo method is applied to simulate
the spatial relaxation of an electron energy distribu-
tion in a positive column behind a constriction of
the tube. This effect has been investigated experi-
mentally by Lergon and Miiller 7. Here we apply
case B of Sec. 2 including recombination. With
respect to these experimental investigations, we
choose parameters as follows:

argon pressure: p=3.6-1073Torr ;

6.6 V/cm, 0<z<0.6cm,
electric field: E= {1.2, 0.6<z<15,
1.5 15«2

initial drift velocity: vp=6.8-107 cm/s ;
initial mean energy: (&) =13¢€V.

These parameters yield a critical electron density
Nerit=4:102em™3, which is much larger than the

experimentally measured density of about 10% cm™3.

Figure 6 shows the resulting relaxated energy
distributions in comparison with those of Lergon
and Miiller. The existence and the shift of the peaks
during the relaxation can be explained qualitatively
in the following way. A sample of test electrons,
representing a peak, drifts in field direction without
any appreciable energy loss, until the inelastic col-
lisions come into play. Then the peak is reduced
due to excitation and ionization and a new peak is
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Fig. 6. Spatial relaxation of the electron energy distribution.
Right: experiment of Lergon and Miiller 7; left: simulation
of present work.

formed by the electrons having suffered an inelastic
energy loss. The distance of the two peaks can be
interpreted as a mean inelastic energy loss. This
relaxation, found experimentally is confirmed by our
calculation. However due to the simplified descrip-
tion of the inelastic energy loss, the distance of the
peaks differ. At z=35 cm the energy distributions
practically are relaxated to the final distribution.
Here the main features of the experimental and the
simulated curves agree.

In our model the recombination at the wall has
been regulated by a suitable choice of the wall po-
tential in accordance with the continuity Equation
(12). To satisfy this equation the wall potential has
been approximated by | Py |=19.4V for z< 15 cm
and | Dy | =24V for z > 15 cm.

We can compare the relaxated distribution of our
calculation with the corresponding distribution of
case A (Fig. 3) and find, that the recombination at
the wall mainly reduces the tail of the energy distri-
bution. This is due to the high potential barrier @yy .
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The tail of the relaxated distribution calculated with
recombination is in agreement with the experiment.

4.4. Concluding Remarks

By this application we have demonstrated the
importance of the Monte Carlo method for calculat-
ing the transport properties of electrons in a range
of parameters, which is hardly accessible to the
direct solution of the Boltzmann equation. Especially
for high anisotropies and for non-stationary or in-
homogeneous situations including boundary condi-
tions the Monte Carlo method proofs to be superior.

We thank the ‘Ministerium fiir Wissenschaft und
Forschung des Landes Nordrhein-Westfalen’ for

financial support. Calculations were carried out on
the IBM 370/168 computer of the University of
Bonn.

Appendix

For the solution of Eq. (17) we regard two cases:
a) For a constant collision frequency v, , 7 is simply
given by
1

)

In(R) . (27)

b) For a speed-dependent collision frequency, Eq.
(17) can be written in the form

o (m) (V[ a@vde
_ln(R)i(e )(E)S cos ¥

vy

(28)

where v and ¢ are related by (13). Assuming that
the speed dependence of the total collision cross
section can be approximated by a polynomial

5
qg(v) = Zlc,,, o (29)
we can integrate in (28) and obtain
7
—In(R) = (m)<iv---)[cos 9 > b, v" (30)
e E m=1

7 m 2 er)igl—{-_oos ) )
—cos ﬂomglb,,, ve" + by v7 In (vo(l — cos ¥)

with
by=2¢,v%/3+8¢c3v4/154+16¢5v%/35,
by = co/2 +3 ¢y v% /845,04 /16,
by = b1/(2 UL:L) >

by=csfd+5c,07/24, (31)
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bs= c3/5+6c5v% /35,
b6= 64/6 s
b;=c5/7 .

Equation (30) has a unique solution for cos ¥,
which is determined numerically. Knowing cos ¥,
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